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Abstract

Models of cardiac cellular electrophysiology are highly
detailed with many input parameters. However, the ef-
fect of input parameters on model outputs is often not well
characterised. Uncertainty and sensitivity analysis using
Monte Carlo techniques require large numbers of model
runs. In this study we investigated Gaussian Process (GP)
emulators, which provide a computationally cheap way to
assess uncertainty and sensitivity analysis.

We constructed GP emulators for 6 metrics of action
potential shape (max dV/dt, max voltage, dome voltage,
action potential duration to 90% repolarisation (APD90),
resting voltage and APD to 50% repolarization), as a func-
tion of maximal conductance. The emulators were fitted to
design data obtained from 150 model runs where the in-
put parameters varied within a range of ±1/3 of their de-
fault value, and where each point in parameter space was
selected using Latin hypercube sampling. The emulators
were then used to calculate variance based sensitivity in-
dices.

Variance based sensitivity indices describe the propor-
tion of output variance that can be attribute to variance in
an input. We found that action potential upstroke (max
dV/dt) and maximum voltage were both highly sensitive
to GNa, with sensitivity indices of 0.75 and 0.89 respec-
tively. Dome voltage was sensitive to GKur (0.2) and
GCaL (0.51), and GK1 had a strong effect on APD90
(0.35) and resting voltage (0.41). APD50 was most sen-
sitive to GCaL (0.35). These sensitivity indices were com-
parable to sensitivity determined from partial least squares
regression.

We conclude that GP emulators provide a computa-
tionally efficient way to undertake sensitivity analysis in
cardiac cell models. Both parameters and outputs are
treated explicitly as normal distributions, with means and
variances. Thus it is possible to undertake uncertainty
quantification as well as sensitivity analysis using this ap-
proach.

1. Introduction

Models of cardiac cellular electrophysiology have, over
the last few decades, become valuable research tools which
allow us to quantify our understanding of biophysical
mechanisms underlying the cardiac action potential. These
models have become increasingly detailed with subsequent
iterations, and promise to encapsulate information from
the genome scale all the way to models of cardiac func-
tion. As a result, the number and variety of input param-
eters has increased significantly, even when the effect of
input parameters on model outputs is often not well char-
acterised.

The traditional technique to carry out Uncertainty and
Sensitivity Analysis of complex models is to use Monte
Carlo techniques, requiring large numbers of model runs
which is a time consuming and non-exhaustive process.
The need to complete accurate yet efficient analyses of
electrophysiology models has led to a growing interest in
the field of Uncertainty Quantification, which are a collec-
tion of techniques to formalise and address the uncertain-
ties brought about by complex models in an efficient man-
ner. One such technique is the use of Gaussian Process
(GP) emulators, which provide a computationally cheap
way to assess uncertainty and sensitivity analysis based
on the training of a surrogate- or meta- model based on
a small number of model runs.

In this study, we sought to carry out uncertainty and sen-
sitivity analysis of the Courtemanche-Ramirez-Nattel [1]
(CRN) human atrial cell model by building a GP emulator,
and using the emulator to derive sensitivity indices describ-
ing the relative contribution of inputs to a given emulator
output.

2. Methods

An emulator is a statistical model built to estimate the
output of a model given a set of input values. A Gaussian
Process (GP) emulator is constructed using normal distri-
butions to represent both inputs and outputs. Under the
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assumption that model inputs follow a multivariate normal
distribution, it is possible to analytically compute the out-
put distributions.

We constructed separate GP emulators for 6 metrics of
action potential shape (max dV/dt, max voltage, dome
voltage, action potential duration to 90% repolarisation
(APD90), resting voltage and APD to 50% repolarization),
as a function of 13 maximal conductances published within
the CRN model. We first generated design data to train
the emulators, which were obtained from 150 model runs,
where the input parameters varied within uniform distri-
butions centred on the published parameter value in the
original value and a range of ±1/3 of this value. This to-
tal range was and scaled normalised to range from 0 to 1,
such that 0.5 represented the default value. The 150 points
in the full parameter space were selected using Latin hy-
percube sampling (LHS).

In each run, we paced a single cell for 20 beats at 1Hz,
and calculated metrics from the final action potential. The
cell model was directly exported from the CellML reposi-
tory, and we chose to fix the concentrations of [Na+]i and
[K+]i following Cherry et al [2] to eliminate long-term
drift. Simulations and analysis were carried out in Matlab
(Mathworks, UK).

The GP emulators were then built according to Chang et
al [3], and the fit of the emulator was assessed using test
data from a set of 20 further model runs. We also compared
the quality of the emulator fit using fewer design points
(25, 50 and 100) and these showed consistency.

3. Results

3.1. CRN design data

In Figure 1, we visualise 100 action potentials from the
design data, coloured by values of GCaL, GKr, GKur and
GKs which were varied between 0 and 1. A variety of ac-
tion potentials shape metrics were observed and there was
no clear correlate between any single conductance and a
corresponding shape metric. Further quantitative analysis
could be obtained through construction of the GP emulator
based on the design data.

3.2. Variance based sensitivity analysis

Sensitivity indices describe the proportion of the output
variance that can be attributed to variance from a given in-
put, and this is typically calculated in different ways. Us-
ing the GP emulator approach, the expectation and vari-
ance of each emulator output can be directly calculated by

assigning a mean and variance to model input parameters.
In Figure 2, we plot the mean effects plots of each output,
showing how the expectation of the output changes as each
input is assigned a fixed value that varies across the range 0
to 1 in normalised units, while other inputs were assigned
a fixed mean of 0.5 and a variance of 0.04.

The overall pattern of the mean effects is consistent
with existing knowledge of the CRN model. GNa had a
strongly influence on the action potential upstroke metrics,
max dV/dt and max voltage, whilst the metrics contribut-
ing to the action potential shape (dome voltage, APD50
and APD90) were influenced by a balance of maximal
conductances modulating K+ and Ca2+ currents such as
GCaL. The transient outward current Gto had an effect
on APDs and resting voltage, whilst the potassium related
conductances had a stronger effect on resting voltage as
well. We subsequently calculated a matrix of sensitivity
indices which is a generalisation of the mean effects plots
in Figure 3. In each row, which corresponds to a single em-
ulator output, the index and colour indicated the proportion
of variance that can be attributed to variance in the input
conductance corresponding to that column. This allowed
us to obtain a clearer breakdown of relative contributions
to a single output. Using this matrix of indices, we found
that AP upstroke (max dV/dt) and maximum voltage were
highly sensitive to GNa, with sensitivity indices of 0.79
and 0.85 respectively. Dome voltage was most sensitive to
GKur (0.2) and GCaL (0.51), whilst GK1 had a strong ef-
fect on APD90 (0.35) and resting voltage (0.41). APD50
was most sensitive to GCaL (0.35). We compared these
these sensitivity indices to sensitivities determined using a
partial least squares regression method [4] and the results
were comparable.

4. Discussion

We have demonstrated that GP emulators provide a
computationally efficient way to undertake sensitivity
analysis in cardiac cell models. This is possible because
both parameters and outputs are treated explicitly as mul-
tivariate normal distributions with means and variances,
allowing uncertainty quantification as well as sensitivity
analysis to be calculated directly throughout parameter
space but based on a relatively small number of design
data. However an assumption of GP emulators requires
that the output surface is smooth. We have so far worked
with the CRN model under steady 1Hz pacing, and have
not considered emergent behaviours, such as restitution
properties or APD alternans at short cycle length, which
could be of further interest.
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Figure 1: Simulated Courtemanche-Ramirez Nattel action potential traces coloured by maximal conductances GCaL, GKr,
GKur and GKs, which were varied within ±1/3 of the default value. The data range is rescaled from 0 to 1, with 0.5
representing the maximal conductance in the original model.
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(c) Dome voltage
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Figure 2: Mean effects plots from the emulator, visualising how varying each input conductance between 0 and 1 influences
the expectation of the resultant emulator output, when the other input conductances are held at 0.5 (the default value) with
a variance of 0.4.

Figure 3: Sensitivity indices calculated for the CRN model based on 150 design data points, showing the relative contri-
bution of variance from each input (column) towards the variance of a given output (row). Max dV/dt and max Vm show
strong sensitivities to GNa only whilst other outputs are weakly sensitive to a combination of input maximal conductances..
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