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Abstract

The analysis of LV rotational motion could provide in-
sights into myocardial dysfunction and predict the outcome
of interventions, and this analysis could be performed
more simply in separate rotational and radial components.
In this study we present an automatic method for decom-
posing the cardiac motion field into radial and rotational
components using the Discrete Helmholtz Hodge Decom-
position (DHHD). The DHHD was applied to the follow-
ing 3D motion fields (i) Synthetic complex motion fields,
created by applying curl and gradient operators to Gaus-
sian potentials, to determine numerical accuracy; (ii) Syn-
thetic motion field from the 4D Extended Cardiac-Torso
(XCAT) phantom (v2.0), to validate the use of the DHHD
in decomposing cardiac motion fields. Decomposition er-
ror was found to decrease with increasing smoothness of
the fields, while keeping motion field components small at
the boundary of the motion field domain. The DHHD was
seen to separate radial and rotational cardiac motion, al-
lowing possible simplification of motion analysis.

1. Introduction

The cardiac left ventricular (LV) motion field can be
quantified from image sequences showing LV motion
through the cardiac cycle. Since disease can alter LV mo-
tion, the analysis of the cardiac motion field can assist in
diagnosis.

Various methods can be used for cardiac motion field
quantification, depending on the imaging modality. In pre-
vious work we showed how the 4D (3D + time) cardiac
motion field can be estimated from gated single photon
emisission computed tomography (SPECT) and positron
emission tomography (PET) images using optical flow
techniques [1] [2]. However, the analysis of cardiac mo-
tion fields, as a whole or in LV regions, can be a difficult
and time-consuming task for the physician without assis-
tance from specific software. One approach for motion
field analysis produces indicators of cardiac health based

on the magnitude of the motion field, such Kinetic En-
ergy Index [1]. Although this information can be useful
to medical teams, there is valuable information contained
in the direction of the motion field which is not taken into
account. Burns et al. [3] investigate the twisting motion
present in normal LV function, concluding that an inves-
tigation of torsion may provide insights into myocardial
dysfunction and help predict response to treatment. In this
context, the separation of motion field components into
radial and rotational motion could be used to present in-
formation in a manner which is simpler and easier to un-
derstand for medical teams. The separation of the cardiac
motion field into these simpler components, which can be
interpreted independently, facilitates an analysis of the mo-
tion field.

Directional LV motion analysis has been performed by
transformation to cylindrical coordinates [4] or to spherical
polar coordinates [5], both of which allow radial and rota-
tional motion to be studied independently. However, the
shape of the LV is neither spherical nor cylindrical, and
the need for manual placement of the origin and alignment
of the coordinate axes leads to operator-induced error.

The objective of this work is to demonstrate and validate
a method for automated extraction of directional informa-
tion relating to contraction, expansion and rotation of the
LV.

2. Methodology

Polthier and Preuss [6] provide a tool for characterisa-
tion of flow topology called the Discrete Helmholtz Hodge
Decomposition (DHHD), which uses a finite element ap-
proach to 2D vector field analysis. The DHHD was ex-
tended to 3D motion fields by Tong et al. [7], where the
vector analysis is performed on a tetrahedralisation of the
motion-field domain. In the decomposition, a smooth 3D
vector field, ~ξ, is written in terms of the sum of the gra-
dient of a curl-free (CF) scalar potential, [D], the curl of
a divergence-free (DF) vector potential, [~R], and a har-
monic remainder, FH , which is both CF and DF, as shown
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in Equation 1.

~ξ = ∇[D] +∇× [~R] + FH (1)

2.1. Materials

The DHHD was applied to two types of 3D motion
fields: (i) complex fields formed from the superposition of
pure rotational and radial fields, created by applying differ-
ential operators to Gaussian potentials; (ii) a realistic car-
diac motion field, generated from position vectors, which
were output from the 4D Extended Cardiac-Torso (XCAT)
phantom[8].

Field (i) allowed the variation of method error with input
field smoothness to be studied. First Gaussian potentials,
φ, were created on a 55 × 55 × 55 voxel grid according
to Equation 2 for eight values of standard deviation, σ, as
shown in Table 1. A radial motion field was created by ap-
plying the gradient operator to the scalar potential, φ, and
a rotational field in the xy plane by applying the curl op-
erator to a vector potential with a non-zero z component,
(0, 0, φ). The centre of the radial motion was set as the
centre of the cubic grid and the central axis of the rotational
motion passed through the centre of each xy slice The in-
put vector field to the DHHD, ~ξ, was created by summing a
single counter-clockwise rotation and a single sink with no
harmonic component. A slice through z = 28 of the mo-
tion field is shown in Figure 1, with the directional sense
seen as looking along the z axis from positive z towards
zero. In this figure, the central section has been amplified
to show the summation of sink and rotation, and a region
away from the centre, which shows a diminishing motion
field away from the centre. The original radial and rota-
tional components were saved as ground truth (GT) fields,
FCF GT and FDF GT , for performance assessment of the
DHHD. Figure 2 shows the formation of ~ξ and GT fields.

ln(φ) = −(1/2σ2)[(x−xc)2+(y−yc)2+(z−zc)2] (2)

Field (ii) allowed the use of the DHHD with cardiac
motion fields to be validated. The parameter file for the
XCAT phantom was set to generate 4D distribution emis-
sion radionuclide activity of the heart, simulating a 16
frame SPECT image with photon energy 140KeV, pixel
size and slice depth of 0.3125cm. The volumes were of
size 128 × 128 × 100. The XCAT phantom offers the op-
tion to generate position vectors, allowing a motion field
to be computed directly, as described below, rather than
using techniques such as optical flow applied to the image
sequence.

Generation of position vectors by XCAT provides voxel
dislocation relative to frame one position. Only voxels
which move from frame one position are present in the
list of position vectors. So position vectors in frames 2
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Figure 1. Slice through input field in xy plane with z=28,
formed from a single sink and counter-clockwise rotation,
with σ = 7.071, with two zoomed regions.

to 16 were converted to displacements from the previous
frame to the current frame and position vectors were gen-
erated for each voxel of each frame, including null values.
Next the velocity field was estimated in frames 2 to 15 us-
ing finite difference techniques as shown in Equation 3,
where F is the motion field component calculated at posi-
tion l,m, n in the grid for time frame t. P is the position
vector in mm and δt is the time interval between frames,
which was taken to have a value of one, providing units of
mm/frame.

F tl,m,n =
(P t+1
l,m,n − P

t−1
l,m,n)

2δt
(3)

2.2. Experiments

First the variation of method error with input field
smoothness was studied using field (i). Motion fields, ~ξ
were decomposed by the DHHD to form the CF and DF
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Figure 2. Performance evaluation of the DHHD
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Figure 3. Decomposition of the XCAT motion field using the DHHD. The rows of the figure show motion fields for apical
and basal systole. The first column shows the XCAT motion field obtained from XCAT position vectors, ~ξ, and columns 2
to 4 show curl-free, divergence-free fields and the harmonic remainder, resulting from decomposition. The position of the
myocardium, seen as the red-scale image in the figure, was estimated by taking the magnitude of the 3D Cartesian vector
components composing the XCAT motion field. A slice in the short axis plane is shown in each figure.

potentials, [D] and ~[R], from which estimated CF and DF
fields, FCF est. and FDF est. were obtained. The GT and
estimated fields for each of the CF and DF components
were compared using the Normalised Root Mean Square
Error (NRMSE) [9] to create error measures ECF and
EDF , as shown in Figure 2.

Next the XCAT motion field, was decomposed into CF
and DF components and the resulting fields visualised in
systole and diastole, in both apical and basal short axis
(SAX) slices. As shown in Equation 1, the harmonic field
was calculated by subtracting the calculated CF and DF
free fields from the input.

3. Results

Measured error in the DHHD was found to decrease
with increasing standard deviation of Gaussian potential,
reaching a minimum normalised RMSE of 0.87% and
1.01% for CF and DF components respectively with σ =
7.071. For larger values of σ, larger errors were found in
the decomposition, as shown in Table 1.

Figure 3 shows the results of applying the decompo-
sition to the XCAT motion field. The vector motion in
the SAX plane has been overlaid on an approximate loca-
tion of the myocardium, formed from the magnitude of the
three components of the velocity field. The image slice and
velocity field are shown according to an observer looking
from the base towards the apex.

Frame 4 of the sequence was chosen to be representa-

Table 1. Variation of NRMSE with standard deviation of
Gaussian potential for CF and DF motion fields created
from the sum of a sink and counter-clockwise rotation.

Test σ NRMSE(%)
ECF EDF

1 1.250 22.23 18.37
2 1.768 12.41 10.10
3 2.500 6.56 5.28
4 3.536 3.37 2.72
5 5.000 1.71 1.44
6 7.071 0.87 1.01
7 9.129 1.75 1.66
8 12.910 12.29 8.94
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Figure 4. Smoothness of Gaussian potential on the grid
and its value at the border for σ = 5, 13.

 

 

  



tive of systole, and slices were chosen near to the apex
and base. The input motion field, ξ is shown in the first
column, with the curl-free, divergence-free and harmonic
remainder fields in the remaining columns.

4. Discussion

Figure 4 shows a one-dimensional representation of the
Gaussian potential placed on the tetrahedralized grid for
σ = 5 and 13. It is clear that increasing the standard devia-
tion of the Gaussian potential results in a smoother motion
field, but also in larger potential values at the border. The
initial decrease of error in the decomposition shown in Ta-
ble 1 correlates with increasing σ since the finite element
approximations used in the DHHD become more valid [7].
However, the error increases greatly for larger values of σ
since the motion field components at the domain boundary
increase, causing artefacts in this region. If similar exper-
iments were performed with different sized grids, an opti-
mal value of σ

L could be found, where L is the grid length,
so that an appropriate value of σ could be chosen. Using
the optimal value of σ from our experiments here, and the
grid length 55, we estimate the value of σ

L to be 0.129.
Decomposition of the XCAT field, as seen in Figure

3, produces CF and DF motion field components which
clearly separate the radial and rotational motion. Our re-
sults are seen to be in line with Burns et al. [3], who predict
anti-clockwise basal rotation and clockwise apical rotation
in systole, seen from base looking towards the apex. Al-
though figures showing diastole are not shown, the apex
and base rotate in opposite directions to those in systole
with similar radial motion, away from the centre of the
LV. The XCAT field has sharp borders, which cause larger
errors in the DHHD at the edges of the myocardium, re-
flected in the harmonic remainder fields (Figure 3 (d) and
(h)) with large vectors at motion discontinuities of ~ξ. The
harmonic field, in the present case where there is an ab-
sence of large constant components, constitutes the method
error.

The decomposition was performed on a motion field
simulating nuclear medicine, but the motion field could,
in principle, be obtained from any modality.

The DHHD provides an approach for performing an au-
tomated decomposition of directional components, pro-
ducing radial and rotational motion as separate compo-
nents. This could simplify medical analysis of the cardiac
motion field. In future work, this directional analysis could
be performed on quantified LV motion fields.
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