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Abstract

Electrical alternans, a beat-to-beat alternation in car-
diac action potential duration, can precede dangerous ar-
rhythmias. Alternans may arise from different mecha-
nisms, including instabilities in membrane-potential dy-
namics (voltage-driven alternans) or intracellular calcium
dynamics (calcium-driven alternans). Some studies indi-
cated that effectiveness of alternans suppression strate-
gies may depend on the mechanism. We recently examined
mechanistic influences on alternans controllability within
a map model, but low dimensionality of the model lim-
ited the analysis to a small number of strategies. In the
present work, we studied effects of different mechanisms
on controllability within a higher-dimensional model, the
Shiferaw, Sato, and Karma (SSK) ionic model, which al-
lowed us to test a wider range of strategies. For voltage-
driven alternans, perturbing a potassium rectifier variable
was the best strategy, in terms of maximizing modal con-
trollability of the dominant SSK alternans eigenvalue, fol-
lowed by several calcium-based approaches. For calcium-
driven alternans, the best strategy was to perturb intracel-
lular Ca2+ concentration, though the more practical strat-
egy of adjusting voltage was still viable for either mecha-
nism. Controllability was more mechanistically dependent
for SSK than the map model, though some SSK properties
aligned with those of an ionic model studied previously.

1. Introduction

Cardiac action potentials (APs) can exhibit a beat-to-
beat alternation in AP duration (APD) called alternans,
which is sometimes a precursor to more dangerous ab-
normal rhythms. Alternans may be induced by different
mechanisms, including instabilities in the membrane po-
tential dynamics (voltage-driven alternans) or intracellular
calcium cycling (calcium-driven alternans). Many alter-
nans control methods have been reported in the literature,
while a smaller number of studies have tested the impact
of different alternans drivers on the performance of con-

trol methods. Prospects for successful alternans control
have in some cases (e.g., [1]) appeared to depend on the
mechanism. In a related body of work, researchers have
used methods from control theory, such as controllability
analysis, to determine best methods for suppressing alter-
nans. In informal terms, controllability is a model property
that indicates whether a given control method is capable
of steering a system toward a desired behavior. Our re-
cent analysis [2] of the Qu, Shiferaw, and Weiss (QSW)
discrete map model [3] was the first to combine these ap-
proaches by comparing the effects of differing alternans
mechanisms on the controllability of a cardiac model.

The low dimensionality of the QSW model restricted the
number of control strategies we could investigate. Hence,
in the current study, we evaluated controllability of the
Shiferaw, Sato, and Karma (SSK) model [4], a 16-variable
ionic model which was of interest due to its ability to repre-
sent multiple alternans mechanisms. Using methods from
our past work [5], we estimated eigenvalues and eigenvec-
tors for a linearized SSK model, then computed modal
controllability measures to determine best strategies for
suppressing voltage- and calcium-driven alternans over a
range of pacing periods. To our knowledge, the present
work is the first controllability study of a cardiac ionic
model that represents multiple mechanisms of alternans.

2. Methods

The dynamical equation for the SSK model may be
written as Ẋ = f(X, Istim(t)), where the state vector is
X = [V m h j Xr Xs Xto Yto d f q cs ci cj c′j Irel]

T .
The stimulus current at time t, Istim(t), was a rectangu-
lar pulse train with period T , with other settings described
elsewhere [1]. The state variables are membrane potential
V (mV), dimensionless gating variables m, h, j, Xr, Xs,
Xto, Yto, d, f , and q, calcium concentrations in the sub-
membrane space (cs), bulk myoplasm (ci), and sarcoplas-
mic reticulum (SR) including network and junctional SR
(NSR and JSR) volumes (cj), average JSR calcium con-
centration of compartments not being drained (c′j), and to-
tal SR release current Irel (µM/s). Calcium concentra-



tions have units of µM . To promote alternans, we used
the SSK model parameterizations of Groenendaal et al. [6],
which can lead to instabilities in voltage, calcium, or both.
All computations were performed in Matlab.

Fixed points were estimated, the model was numerically
linearized about the fixed points, and controllability mea-
sures were computed using methods previously applied
by our group to the Luo Rudy dynamic (LRd) model [7].
As an intermediate step, a discrete map form of the SSK
model, X((j + 1)T ) = X(jT ), was produced by numer-
ically time-integrating the ODEs over one period, where
j = 0, 1, 2, ... is the period index. The SSK model was
integrated using an explicit Euler method together with a
Rush-Larsen scheme with a time step of 0.01 ms. Fixed
points X∗ = F (X∗) were estimated using a Newton-
Krylov solver [8] for periods T in the range of 300 to
800 ms. State matrices (i.e., Jacobians evaluated at fixed
points) A = ∂f/∂X|X∗ were computed through central-
difference numerical approximations.

After defining a deviational state vector xj = Xj −X∗,
controllability of the linearized dynamical system xj+1 =
Axj +Buj was examined for each of the aforementioned
periods and for both alternans mechanisms. The linearized
system xj+1 = Axj was augmented with Buj , where uj

denotes the control input applied at the j-th cycle. B is the
input matrix, which encodes the variables through which
control inputs may be applied. For simplicity, it was as-
sumed that each control strategy consisted of perturbing a
single state variable every T ms. To select i-th strategy
(perturb i-th state variable only), B was set equal to Bi,
defined here as the i-th column of the identity matrix.

To allow for fairer comparisons across strategies, a di-
agonal nondimensionalizing matrix S was computed (as
per [5]) for each parameter set. A nondimensional state
vector was defined as x̄ = Sx, yielding x̄j+1 = Ā x̄j +
B̄uj Here, Ā = SAS−1 and B̄ = SB. Eigenvalues
λk and left eigenvectors w̄k of Ā were computed using
Matlab’s eig function, for k ∈ {1, 2, ...16}. “Alternans”
eigenvalues were defined as those with negative real part,
since such eigenvalues induce beat-to-beat alternations in
the response of the linearized system. λalt (or alt by itself)
refers to the largest alternans eigenvalue. Here, eigenval-
ues are sometimes referred to as modes.

Next, the modal controllability measure of Hamdan and
Nayfeh [9], | cos θk,i| = |w̄∗

k · B̄i|/∥w̄∗
k∥∥B̄i∥, was com-

puted. For the case where Ā has distinct eigenvalues and
| cos θk,i| ̸= 0, then λk is said to be controllable (and can
be reassigned to a desired location) through appropriately-
chosen periodic perturbations to the i-th state variable.
Strategies with larger values of | cos θalt,i| are predicted
to be better able to suppress alternans.

3. Results and Discussion

We computed modal controllability values for a range
of strategies. While the V strategy (perturbing membrane
potential) can be implemented on real tissue, we acknowl-
edge that adjusting gating and concentration variables on
a beat-to-beat basis is not feasible with present technolo-
gies. However, these strategies were investigated here for
the sake of completeness, and to improve our understand-
ing of which alternans control methods are predicted to be
beneficial independently of technological limitations.

Controllability magnitudes for all λk are shown in Fig-
ure 1 for both mechanisms and two strategies, V and ci,
where ci was of interest since, aside from V , it is ex-
pected to be more accessible in a lab setting compared
to the remaining SSK variables. For either mechanism,
the periods at which |λalt| crossed the stability boundary
(|λ| = 1) coincided with the bifurcation-point periods re-
ported by Cherry [1]. For voltage-driven alternans, over
periods for which |λalt| > 1, perturbing ci was generally
a somewhat better strategy for controlling alternans com-
pared with V perturbations, whereas the advantage of ci
over V was more pronounced for calcium-driven alternans.
The marginal mode (near |λ| = 1) was also strongly con-
trollable from ci for either mechanism.

For all 16 control strategies (B1, B2, ..., B16), modal
controllability values for λalt are shown for a period of
T = 350 ms in Table 1, along with period-averaged con-
trollability values. Strategies are listed in decreasing order
of their ability to control the largest alternans mode; values
that are less negative indicate strategies that yield stronger
controllability. For period-averaged rankings in columns
3–4 and 7–8, the averaging of | cos θalt,i| values was per-
formed over all periods for which |λalt| > 1, which corre-
sponded to T between 300 and 360 ms for voltage-driven
alternans and 300 and 440 ms for calcium-driven alternans,
where the given ranges are inclusive.

For either alternans mechanism and both cases of pe-
riods (averaged or T = 350 ms), the same eight strate-
gies populated the top half of each list, albeit in differ-
ent order depending on the mechanism. These top strate-
gies included controlling the system through any calcium-
related gating variable, current, or concentration, except
for the submembrane concentration (cs) and the voltage-
dependent activation gate for L-type calcium (d), which
appeared in the bottom half of each list. The top eight
strategies also included perturbing either the activation
gate of the slow component of the delayed rectifier potas-
sium current (Xs) or the membrane potential (V ). Within
each mechanism, the rankings were similar across the
T = 350 ms and period-averaged cases, which suggests
that the period dependence of alternans controllability val-
ues shown in Figure 1 did not have a major impact on the
rankings of strategies.



Figure 1: Modal controllability magnitudes (| cos θk,i|) of eigenvalues for each eigenvalue modulus |λk| and period T , for
voltage-driven (left column) and calcium-driven (right column) alternans, where the selected control strategy was to perturb
V (top row) or ci (bottom row). Alternans eigenvalues are labeled with diamonds, and circles indicate eigenvalues with
non-negative real parts. Lighter color indicates stronger controllability. |λ| = 1 is marked with a dashed line.

Regarding the V and ci strategies, Table 1 shows the
largest alternans mode was more strongly controllable
through perturbations to ci than to V , for either mech-
anism. ci-based control was the best strategy overall
for calcium-driven alternans, while it was outranked by
several other options, including Xs, which was best for
voltage-driven alternans. Perturbing V yielded similar
controllability magnitudes for either mechanism, though
controllability of λalt from V was somewhat stronger for
voltage-driven alternans.

Previously, we conducted modal controllability analy-
ses [2, 5] of the 3-variable QSW discrete map model and
the 17-variable LRd model. For alternans suppression, the
QSW model tended to favor perturbing APD over calcium-
based strategies independently of alternans mechanism,
which disagrees with the SSK model’s ranking of several
types of calcium perturbations over the V strategy. For
LRd and SSK, certain calcium-based strategies were pre-
dicted to be better than V -based alternans control, and both
models rank JSR-related perturbations (c′j for SSK and to-

tal JSR Ca2+ concentration for LRd) very highly. In con-
trast with SSK results that favored ci over V , LRd control-
lability often showed a slight preference for V over ci. We
examined the QSW and LRd models under a broader range
of conditions than those shown in the current study, and
producing a thorough comparison of controllability prop-
erties across models is a subject of ongoing work.

4. Conclusions

To gain insights on prospects for alternans suppression
and the degree to which best control strategies are influ-
enced by alternans mechanisms, a modal controllability
analysis was performed on the SSK ionic model. The best
strategy for suppressing alternans within the SSK model
varied depending on the type of alternans, although some
common strategies were indicated by the controllability
measure. SSK controllability properties appeared to de-
pend more strongly on mechanism than those reported pre-
viously for the QSW discrete map model. The tendency



Table 1: Control strategies ranked in decreasing strength of controllability of largest alternans eigenvalue, as quantified
by base-10 logarithms (abbreviated lg) of modal controllability values, | cos θalt,i|. Columns 1–4 and 5–8 respectively
show rankings for voltage- and calcium-driven alternans. Control strategies are labeled with the variable being perturbed.
Controllability values are shown for both a single period (T = 350 ms) and averaged over all periods for which |λalt| > 1.

Voltage-Driven Alternans Calcium-Driven Alternans
T = 350 ms Avg. over alt. periods T = 350 ms Avg. over alt. periods

Strategy lg| cos θalt,i| Strategy lg| cos θalt,i| Strategy lg| cos θalt,i| Strategy lg| cos θalt,i|
Xs −0.195 Xs −0.186 ci −0.114 ci −0.105
f −0.231 f −0.217 c′j −0.293 c′j −0.315
c′j −0.382 c′j −0.502 q −0.555 q −0.585
q −0.750 q −0.723 f −0.612 f −0.641
ci −0.842 ci −0.742 cj −1.041 cj −1.022
cj −0.907 cj −0.855 V −1.485 V −1.521
V −1.223 V −1.308 Xs −1.543 Xs −1.566
Irel −1.256 Irel −1.338 Irel −1.632 Irel −1.634
d −2.049 Yto −1.359 Yt0 −1.781 cs −1.781
h −2.122 h −1.994 cs −1.785 Yto −1.810
Xr −2.251 Xr −2.001 h −1.834 h −1.858
Yt0 −2.378 d −2.060 d −2.056 d −2.066
j −2.788 cs −2.323 Xr −2.604 Xr −2.630
cs −2.963 j −2.567 j −2.818 j −2.841
Xto −5.346 Xto −5.528 Xto −7.121 Xto −5.811
m −6.974 m −6.605 m −16.607 m −7.377

of the SSK model to favor certain calcium-based alternans
suppression methods showed partial correspondence with
a past analysis of the LRd model.
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