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Abstract

This paper tackles three-dimensional hemodynamic
control problems (left atrial pressure, cardiac output, and
mean arterial pressure) via drug therapy, which is a ma-
jor challenge in treating heart failure. Our proposed ap-
proach is a nonlinear control system design based on strict
system modeling and controller design. First, the control
system was derived as an analytical representation where
inputs are multiple drug infusions and outputs are three-
dimensional hemodynamics. Second, the controller is desi-
gned by input-output linearization technique that conquers
the system ’s nonlinearity and inter-dependency. As a re-
sult, the simulation study resulted in the successful conver-
gence of three-dimensional hemodynamics, indicating the
controller’s validity and the remaining challenges such as
control limitation.

1. Introduction

To treat various pathophysiology of acute heart failu-
re (AHF), it is important to maintain overall hemodyna-
mics with multiple drug administration. [1] Maintenan-
ce of overall hemodynamics requires simultaneous control
of multiple control targets, such as blood pressure, car-
diac output, and atrial pressure. A single therapeutic drug
administration affects multiple cardiovascular parameters,
resulting in multiple changes in overall hemodynamics.
While simultaneous administration of multiple drugs in-
creases control reachability, their pharmacologic effects on
overall hemodynamics become more complex. Therefore,
it is desirable to elucidate the pharmacological effects on
overall hemodynamics as a multiple-input and multiple-
output (MIMO) system and then to control them in a sim-
plified way that conquers the original complexity.

In previous studies, several closed-loop systems have
been developed to automatically adjust drug infusion ra-
tes to control the patient’s mean arterial pressure (MAP )
and/or cardiac output (CO) [2, 3]. There remain concerns
that non-target hemodynamics such as left atrial pressure
(PLA) is not well controlled, possibly exacerbating pulmo-
nary edema. One study aimed to control three-dimensional
hemodynamic control, but the approximation left a stabili-
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Figure 1: System of drug infusion and hemodynamics

ty issue due to the lack of the model analysis [4, 5].
For this three-dimensional hemodynamic control chal-

lenge by drug infusions, our methods encompass hemody-
namic modeling, drug library development, and nonlinear
control design. In modeling, first, the output functions of
three-dimensional hemodynamics were analytically deri-
ved as the nonlinear functions of four cardiovascular pa-
rameters: systemic vascular resistance (Rs), cardiac con-
tractility (Ees), heart rate (HR), and stressed blood volu-
me (SBV ). Next, a drug library was introduced to model
the pharmacological effects against the four cardiovascular
parameters. Assuming multiple drug infusion as the sys-
tem inputs, these four cardiovascular parameters as the sys-
tem state, and hemodynamics as system outputs, the sys-
tem structure was mathematically formulated. In the con-
trol design, a nonlinear control method based on differen-
tial geometry called input-output linearization was applied
to linearize this hemodynamic system. For evaluation, the
performance of the hemodynamic controller was evaluated
in simulation.

2. Methods

2.1. System Modeling

In our system modeling shown in Figure 1, let x deno-
te the CV parameters x := [Rs, Ees,HR, SBV ]T ∈ R4.
Assuming x is measurable, the patient’s initial CV para-
meters x0 are given. Next, let the input u be the drug in-
fusion u := [u1, · · · , u4]

T ∈ R4 as described in Table
1. The infusion drugs were selected to represent key clas-
ses used in treatment of AHF: Dobutamine (DOB) as a
positive inotrope, Norepinephrine (NE) as a vasopressor,
Sodium Nitroprusside (SNP) as a vasodilator, and Dextran
(DEX) as a fluid. Remark that the drug selection is not li-



Table 1: Intervention Drugs for AHF Treatment

Input Name Abb. Unit

u1 Dobutamine DOB [µg/kg/min]
u2 Norepinephrine NE [µg/kg/min]
u3 Nitroprusside SNP [µg/kg/min]
u4 Dextran DEX [ml/kg]

mited to these in our theoretical formulation. Then, let y
be the CV metrics y := [MAP,PLA, CO]T , which is the
control target of three-dimensional hemodynamics.

The following two subsections will introduce the two
modelings shown in Figure 1. First, the drug infusion mo-
deling part formulates how drug infusion directly affec-
ts CV parameters based on their pharmacology. Second,
the hemodynamic representation part formulates how the
changes in CV parameters will in turn affect CV metrics.

2.1.1. Drug Infusion Modeling (u → x)

This part models the multi-dependencies of simultane-
ous multiple drug infusion when drug effects have conver-
ged. The assumptions in this model are a) each drug func-
tions to add its effects linearly to influence CV parameters
and b) cross-terms of the multiple inputs, e.g., u1 × u2 are
not considered. Then, our drug infusion model becomes

x = Bu+ x0 (1)

where x shows the CV parameters following drug infusi-
on, once updated and converged. The input matrix B is
the drug library that represents the multi-dependency ef-
fect from each drug to CV parameters. In the case of our
drug inputs, the drug library matrix is represented by

B =


−0.0335 3.33 −0.419 −0.00725
3.88 26.1 −1.14 −0.0135
8.10 24.9 0.164 −0.450
27.7 76.2 −14.1 1.47

 (2)

based on the pre-identified pharmacological effects [6].
Each element is equivalent to the gain, and the plus or mi-
nus sign indicates the direction of the change. For example,
drug input u3 (Sodium Nitroprusside) decreases Rs, Ees

and SBV while increasing HR, as shown by the gains in
column 3 of B.

2.1.2. Hemodynamics Derivation (x → y)

We derived the analytical solution that maps the CV
parameter x to the CV metrics y using approximation
[7]. This was derived from the intersection of the Frank-
Starling Curve and Guyton’s Venous Return Curve formula
[8, 9].

Firstly, the Frank-Starling Curve defines the relations-
hip between CO and PLA. The mechanics of the Frank-
Starling Curve derived in [10] shows

CO =
HR · Ees

β(Ees +
HR
60 ·Rs)

· ln PLA + α

α

[
ml

min

]
(3)

where heart rate (HR), systemic vascular resistance (Rs),
and left ventricular contractility (Ees) are the given CV pa-
rameters and α and β are constant parameters to define the
end-diastolic pressure-volume relationship (EDPVR) [11].
In (3), EDPVR is assumed to be

Ped = α (exp{β(Ved − V0)} − 1) (4)

⇔ Ved =
1

β
ln

Ped + α

α
+ V0 [ml]. (5)

Note that Ped is left ventricular end-diastolic pressure and
is equivalent to PLA in the filling phase.

Secondly, we applied Guyton’s Venous Return Curve to
the pulmonary circulation [9, 12],

CO =
1

Rvp

(
Vp

Cp
− PLA

) [
ml
sec

]
(6)

where Rvp is the resistance for pulmonary venous return,
and where Cp and Vp are the compliance and the stressed
blood volume in the pulmonary circulation, respectively.
Assuming that total stressed blood volume (SBV ) is dis-
tributed by the compliance ratio of the systemic and pul-
monary circulation, Vp is given by

Vp ≈ Cp

Cs + Cp
SBV (7)

where Cs is the compliance of the systemic circulation.
Substituting Vp in (6) with (7) yields

CO =
1

Rvp

(
SBV

Cp + Cs
− PLA

) [
ml
sec

]
. (8)

Thirdly, solving (3) and (8) with respect to (PLA, CO),
the analytical solution of PLA and CO is given by

PLA = −α

(
aW

(
− b

a exp
(
c
a

))
b

)
− α [mmHg] (9)

CO = −aW

(
− b

a
exp

( c
a

))
+ c

[
L

min

]
(10)

where W (·) is defined as the Lambert function and

a =
1

1000

HR · Ees

β(Ees +
HR
60 ·Rs)

(11)

b = − 60

1000

α

Rvp
(12)

c =
60

1000

1

Rvp

(
SBV

Cs + Cp
+ α

)
. (13)



2.2. Nonlinear Controller

The hemodynamic representation enables a formulation
of the discrete nonlinear state equation as

x[k + 1] = f(x[k]) + g(x[k])u[k] = x0 +Bu[k] (14)
y[k] = h(x[k]) (15)

= [PLA(x[k]), CO(x[k]),MAP (x[k])]T (16)

where k indicates the discrete step: a single step is the time
duration until the pharmacological effects get a steady state
after drug infusion is applied.

Due to the strong nonlinearity of the output function and
the multiple-input and multiple-output system, it is chal-
lenging to apply the linear control technique. To conquer
these challenges, the input-output linearization technique
can reformulate the nonlinear system into the linearized
system [13]. The key idea is the nonlinear feedback that
enables the coordinate transformation based on the feature
of differential geometry as shown in Figure 2.

The nonlinear feedback for linearization can be compu-
ted by

u[k] = α+(−β + v[k]) (17)

α =

a11 · · · a14
...

...
a31 · · · a34

 , aij = Lgj
hi(x[k]) (18)

β = [b1, b2, b3]
T , bi = Lfhi(x[k]) (19)

where the Lie Derivative is given by

Lfϕ(x) :=
∂ϕ(x)

∂x
f(x). (20)

Applying this conversion, the linearized system can be re-
presented by

σ[k + 1] = Aσ[k] +Bv[k],σ := [h1, h2, h3]
T (21)

A = O3×3,B = I3×3 (22)

where v is a virtual input that can be designed freely and
independently to each hi such as a PI controller:

vi[k] = KPi(hi[k]− yri) +KIi

k∑
(hi[k]− yri) (23)

where KPi and KIi are the proportional and integral gains
to ith output function and yri is the reference value to ith
output function.

3. Simulation Results

3.1. Setting

To evaluate the performance of the proposed nonlinear
control system, a scenario of AHF is simulated by a patient
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Figure 2: Block diagram and input-output linearization

Table 2: Simulation Parameters

Var. Name Value

x0 initial state [5.0, 8.0, 100, 200]T

hr control target of h [7.0, 2.2, 85]T

(KP1,KI1) PI gain for y1 : MAP (−20,−10)
(KP2,KI2) PI gain for y2 : PLA (−2.0,−1.0)
(KP3,KI3) PI gain for y3 : CI (−0.20,−0.10)

max k iteration times 100

having low cardiac output and low blood pressure as given
by the initial parameters shown in Table 2. The control ob-
jective is to control three-dimensional hemodynamics si-
multaneously. The control gains were set to control prefe-
rentially in the following order: MAP → PLA → CI .

3.2. Results

The successful results of simultaneous control are
shown in Figure 3. Note that the output signals y = h(x)
are converged in the intended order. The results of state x
and input u changes were shown in Figure 4 and Figure 5
respectively.

3.3. Discussion

The proposed nonlinear control design method using
input-output linearization showed promising results. One
of the benefits of this technique is enabling linear control
methods after the nonlinear transformation. For examp-
le, the convergence speed is easily controlled to inde-
pendent hemodynamics thanks to decoupling the inter-
dependencies in the complex hemodynamics into the ca-
nonical form shown in the equation (21).

These results also imply some disadvantages or future
challenges. For example, the input constraint needs to be
explicitly considered in the controller design. In addition,
the infusion of DOB and SNP show negative values, while
negative DEX input could be avoided by considering Fu-
rosemide (FRO) as a diuretic.
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Figure 3: Simulation Results: Output y = h(x) (CV Metrics)
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Figure 4: Simulation Results: State x (CV Parameters)
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4. Conclusion

We proposed a theoretical framework to design a non-
linear controller for a three-dimensional hemodynamic
control problem. By combining the representation of the
hemodynamic control system and input-output linearizati-
on technique, the multiple hemodynamic targets were suc-
cessfully controlled by multiple drug infusions.
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