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Abstract

Cardiac digital twins of human electrophysiology hold
significant promise for clinical applications enabling pre-
cision therapy. However, calibrating them to patient data
at clinical-resolution meshes remains impractically slow,
with existing methods requiring hours per calibration. We
present an eikonal-based calibration approach that utilizes
an exact parameter update, while sharply cutting compu-
tation time as well as memory consumption, which enables
calibration on consumer-grade GPUs. On a biventricular
mesh of 2.1M elements with 12-lead ECG recordings the
method converged in roughly 6.7min at a 2.2GB working
memory peak on a Nvidia TITAN RTX.

1. Introduction

Cardiac digital twins are physics-based virtual repre-
sentations of an individual patient’s heart. By reproduc-
ing patient-specific cardiac function, these models could
support diagnosis and predict responses to therapeutic in-
terventions and thereby inform treatment planning. Re-
alizing this potential requires calibrating the governing
model parameters so that simulated behavior is consis-
tent with the physics of a patient heart. However, cali-
bration is particularly challenging in cardiac electrophys-
iology. The dynamics of electric sources within the my-
ocardium cannot generally be observed directly; instead,
measurements provide only sparse samples of the extracel-
lular potential fields they generate. Constraining a digital
twin governed by a large spatially heterogeneous param-
eter space with sparse indirect observations constitutes a
high-dimensional, ill-posed inverse problem.

The ventricular cycle begins with electrical activation:
the Purkinje network excites the myocardium at focal ear-
liest activation sites (EAS) Θ, initiating wavefront propa-
gation at specific locations and onset time points governed
by the spatially varying conduction velocity, CV (x) and

anisotropy, α. The resulting arrival times, described by
the eikonal model [1], determine the cardiac sources un-
derlying the ECG QRS complex. These sources can be re-
constructed from the arrival times and mapped to the ECG
through a lead-field formulation [2, 3]. Calibrating ven-
tricular activation therefore amounts to identifying the de-
polarization parameters ωD = CV (x), α,Θ by minimiz-
ing the discrepancy between predicted and observed QRS
complexes. In this work we only focus on the earliest acti-
vation sites Θ.

Identifying these parameters from observed ECG
recordings — calibrating the digital twin — amounts to
solving an inverse problem. Existing methods differ in
how the parameters Θ are updated to minimize the discrep-
ancy. In GEASI [4] the parameter update involves solving
ordinary differential equations (ODEs), which took 18 h
to fit the ECG on a 1.08 × 105-DOF biventricular model
using an Nvidia RTX 2080. In the geodesic backpropaga-
tion approach [5], fixed-point iteration updates are tracked
(loop unrolling) and automatic-differentiation (AD) is used
to update the parameters. This approach is faster than
GEASI’s ODE-based update — 1.8 h on a 2.5 M-element
tetrahedral mesh using a 48 GB Nvidia A100 — but re-
quires significantly more GPU memory due to loop un-
rolling. What remains missing is a formulation for updat-
ing Θ that stays low in runtime and memory alike.

Our contribution is a formulation for updating Θ that
is memory efficient (no loop unrolling), cheap to com-
pute (no ODEs to solve) and therefore compatible with
consumer-grade GPUs and agnostic to the eikonal solver.
It requires only the converged eikonal solution and the cal-
culated per-node stencil weight matrix of the mesh.

On a 2.1M-element biventricular mesh (referred to as
M throughout) the closed-form backward pass (parameter
update) runs in 37ms at 2.2GB memory. A full 1000-
iteration calibration converged in ≈6.7min on a 24GB
Nvidia TITAN RTX



2. Methods

In this section we introduce the forward model, the in-
verse problem and describe how we apply the implicit
function theorem [6] and the envelope theorem [7] to de-
rive an efficient formulation for the parameter update.

2.1. Forward model

Let Ωh ⊂ R3 be a tetrahedral heart mesh with Nv ver-
tices v ∈ R3 and let Θ = {(xi, ti) ∈ Ωh×R+}Ki=1 denote
the K earliest activation sites. The forward ECG model

û = (H ◦ E ◦ S)(Θ), Θ
S↦−→ ϕ0

E↦−→ ϕ
H↦−→ û

maps Θ to an Nl-channel ECG of Nt time-steps, û ∈
RNl×Nt , through three operators. The seeding opera-
tor S discretizes (xi, ti) by initializing the arrival times
at the vertices of the enclosing tetrahedron as (ϕ0)v =
ti+∥v−xi∥M and +∞ otherwise, with metric M = D−1,
which stores the conduction velocities and fiber directions,
where D ∈ R3×3

sym is in general a symmetric and posi-
tive definite matrix. The eikonal operator maps the ini-
tial arrival time field ϕ0 to the converged endstate ϕ by
solving

√︁
∇ϕ⊤D∇ϕ = 1 in Ωh where ϕ(v) = (ϕ0)v .

To complete the forward model the operator H maps ϕ
to the ECG by utilizing the lead-field approach [2, 3],
ûℓ(t) =

∫︁
Ωh

⟨σi∇Vm,∇Zℓ⟩ dx with intracellular con-
ductivity σi ∈ R3×3, lead-field Zℓ ∈ RNv and action-
potential Vm(x, t) = U(t − ϕ(x)) ∈ R, summarized
as H(ϕ) = WECG V (ϕ)⊤ where V (ϕ) ∈ RNt×Nv is the
action-potential over all time-steps of ϕ and WECG ∈
RNl×Nv is the lead-field matrix that is built from the finite-
element stiffness matrix and weighted by Zℓ and σi

2.2. Inverse problem

The objective of the inverse problem is to minimize the
misfit between the calculated ECG û and the ground truth
ECG u∗ ∈ RNℓ×Nt , which is achieved by minimizing the
nonlinear least-squares problem w.r.t. Θ

min
Θ

L(Θ) = 1
2Nℓ

∥r(Θ)∥2,

with the residual r(Θ) = û(Θ)− u∗, where each earliest
activation site (xi, ti) ∈ Θ is restricted to Ωh ×R+. Solv-
ing the inverse problem with a gradient-based approach re-
quires the eikonal Jacobian JE := ∂ϕ/∂ϕ0, which is not
trivially computable. We derive this Jacobian by applying
the envelope theorem to the discrete Hopf-Lax formula [8]
for tetrahedral elements in combination with the implicit
function theorem. We first state the nodal update and ex-
plain the application of the envelope theorem afterwards.

Let vk be the vertex whose activation time is cur-
rently being updated in the eikonal solver and let Nk

be the set of all tetrahedral elements in Ωh adjacent to
the vertex vk. Suppose that, for each tetrahedron τ =
conv{vl0 ,vl1 ,vl2 ,vl3} ∈ Nk the local index l0 maps to
the global index k such that vl0 = vk and the opposite
face is given by F = conv{vl1 ,vl2 ,vl3}, carrying acti-
vation times ϕ|F . To find the arrival time for vertex vk, the
following minimization problem has to be solved [8]

ϕ(vk) = min
τ∈Nk

(︃
min
α∈∆F

(︂
⟨α, ϕ|F ⟩+ ∥Aτα∥2

)︂
⏞ ⏟⏟ ⏞

Gτ
k(α,ϕ|τ )

)︃
⏞ ⏟⏟ ⏞

Ψτ
k(ϕ|τ )

with Aτ = M1/2Eτ , edge matrix Eτ = (vl1 − vk,vl2 −
vk,vl3 − vk) ∈ R3×3 and the probability simplex
∆F for face F . At convergence ϕ∗

k = ϕ∗(vk) =
Gτ∗

k (α∗(ϕ|τ∗), ϕ|τ∗) and differentiating w.r.t. a nodal
value ϕj = ϕ(vj) where vj ∈ F the α∗-term vanishes by
the envelope theorem [7]

∂ϕ∗
k

∂ϕj
=

∂Gτ∗

k

∂α

⃓⃓⃓
α∗

∂α∗

∂ϕj⏞ ⏟⏟ ⏞
=0

+
∂Gτ∗

k

∂ϕj
= (α∗

k)j =: Wkj . (1)

A vertex k seeded by (xi, ti) that keeps its onset time as
the earliest arrival time corresponds to a zero row in the
stencil weight matrix W ∈ RNv×Nv

+ , i.e. Wkj = 0. Once
the vertex is overshadowed, i.e. ti exceeds the arrival time
of the eikonal solution, it is treated as a non-seeded vertex
and (xi, ti) then receive no gradient. We record this split in
the diagonal indicator matrix I = diag(ι) ∈ {0, 1}Nv×Nv ,
where ιk = 1 if vertex k remains seeded and ιk = 0 if it is
overshadowed.

2.3. Closed-form gradient derivation

The residual r is backpropagated through the for-
ward model by reverse-mode differentiation. The gra-
dient is the vector–Jacobian product chain ∇ΘL =
J⊤
S J⊤

E J⊤
H r ∈ RP evaluated right to left, with

JS = ∂ϕ0/∂Θ, JE = ∂ϕ/∂ϕ0 and JH = ∂û/∂ϕ.
The ECG cotangent is explicit from the compact

matrix-matrix formulation, i.e. gϕ := 1
Nℓ

J⊤
Hr =

− 1
Nℓ

∑︁Nt

j=1 U
′(tj 1−ϕ)⊙ (W⊤

ECGrj) with rj the residual
at time j and U ′ the action-potential derivative.

The eikonal cotangent arises from pulling back the ECG
cotangent, i.e. gE = J⊤

E gϕ. This can be done without
explicitly forming the eikonal Jacobian by differentiating
the implicit function that the arrival-time field fulfills at
convergence (no loop unrolling)

Ψ̂(ϕ, ϕ0) := Wϕ+ c(W ) + Iϕ0, (2)

with c(W ) representing the norm term w.r.t ϕ0 where the
eikonal Jacobian follows by (1) as JE = (I −W )−1I. We
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Figure 1. Synthetic 2D experiment. Top: the optimized
EAS closely matches the ground truth arrival-time field.
Bottom: the recovered ECG (only I - III are shown) in blue
matches the synthetic target in black.

avoid the matrix inversion by solving an adjoint system
(I −W⊤)λ = gϕ for λ first and construct the cotangent
as gE = Iλ

The trivial seeding Jacobian JS is nonzero only on the
vertices v of the tetrahedron τ that contains xi with the
gradients for ti and xi as ∂L

∂ti
=

∑︁
v∈τ (gE)v and ∂L

∂xi
=

−
∑︁

v∈τ (gE)v
Mτ (xv−xi)
∥xv−xi∥Mτ

respectively.

2.4. Benchmark & Experiments

We evaluate i) the ability of our inverse model to opti-
mize location and timing of earliest activation sites Θ to
minimize the mismatch to a target ECG and ii) measure
the iteration time (forward + backward pass), the back-
ward pass time separately as well as the memory alloca-
tion. Two experimental setups of increasing complexity
have been considered. The first experiment demonstrates
the correctness our approach by fitting an ECG of a heart
slice (12 cm× 8 cm) embedded in a 2D heart-torso model
(30 cm × 20 cm). We set 3 ground truth source points,
K = 6 evenly placed initial EAS and calculated 6 lead-
fields from the synthetic model. (Fig. 1). In a second ex-
periment we used a previously generated anatomical heart
and torso model of a healthy adult male [9], comprising a
biventricular mesh M of 2.1M elements conformally em-
bedded in a torso mesh elements over which all lead-fields
of a Mason-Likar electrode placement were precomputed
to recover a clinical 12-lead ECG. The number of EAS
|Θ| was set to an arbitrary number of K = 100, which
were evenly distributed over the mesh with random on-
set times in a 200ms to 350ms range and focused on the
QRS complex over a 200ms window at a 1.0ms resolu-
tion. The ECG was computed with a chunk size of 32 over
the time dimension and we compared the iteration time,
the backward pass time and the GPU memory allocation of

Table 1. Computational costs averaged over 10 iterations
for M with 100 EAS. Numbers are reported at an ECG
time-chunk of 32. The memory allocation is measured
with the torch max allocated function; the total pro-
cess footprint is larger and depends on the CUDA caching-
allocator configuration and the eikonal solver iself.

AD (naive) AD (opt.) Ours
Backward pass 382ms 97ms 37ms
Iteration time 1.05 s 0.48 s 0.40 s

Alloc. GPU memory 15.3GB 2.3GB 2.2GB

our method against two automatic-differentiation baselines
an optimized one using PyTorch’s just-in-time compilation
and a non-optimized naive one – both variants only back-
propagate r(Θ) through H via AD. In an isolated bench-
mark test the scalability of the backward pass time of the
closed-form and the optimized AD variant with |Θ| = 100
at different chunk sizes was investigated on M.

All experiments were conducted on a 24GB Nvidia TI-
TAN RTX GPU and used the L-BFGS method to update
Θ and solved the eikonal equation with a GPU-accelerated
Fast Iterative Method [10] tailored to the inverse problem.

3. Results

In the first experiment a near-perfect match of the entire
QRS complex of the ECG was achieved (see Fig. 1). The
left and right ground truth EASs were exactly recovered
(blue and orange EAS), whereas the EASs in the middle
was not recovered. The green and purple EASs were over-
shadowed.

Evaluation of computational costs in experiment 2 us-
ing M showed that our closed-form backward pass took
37ms, the optimized AD and the naive AD variants took
97ms and 382ms respectively. The peak GPU memory
consumption of our closed-form and the optimized AD
variants were comparable at ≈ 2.2GB whereas the naive
variant required 15.3GB. Furthermore, using our ap-
proach, 1000 L-BFGS iterations took ≈ 6.7min and con-
verged to a loss of ≈ 0.4 resulting in an recovered ECG that
closely matches the target over the QRS window (Fig. 2).
From the original 100 EAS only two were overshadowed.

An isolated benchmark showed that the closed-form
gradient scales well with the number of ECG time-steps,
outperforming the opt. AD variant by up to 5× (Tab. 2).

4. Discussion

Our optimization method successfully identified EASs
that produced activation sequences yielding near-perfect
agreement with the target ECG in both benchmarks. In the
simple benchmark, the ground-truth activation pattern was
also recovered with high accuracy; this was not assessed



Table 2. Backward pass time (ms) on M as the ECG
horizon Nt grows.

Nt chunk Ours AD (opt.) speedup
256 32 36 113 3.1×

64 36 106 2.9×
Nt 36 106 3.0×

512 32 40 199 5.0×
64 40 188 4.7×
Nt 39 186 4.7×
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Figure 2. Result of experiment 2 with |Θ| = 100. (a,b) an-
terior and posterior views of the reconstructed arrival-time
field; (c) the recovered (blue) and the ground truth (black)
12-lead ECG over the 250ms to 350ms QRS window.

in the biventricular benchmark as the activation sequence
is not known. Previous studies have shown that this in-
verse problem is non-unique, as multiple – and potentially
many – distinct sets of EASs may produce indistinguish-
able ECGs [5]. Consequently, agreement with the target
ECG does not necessarily imply recovery of the underlying
activation pattern. A systematic analysis of identifiability,
however, was beyond the scope of this study.

In our approach we combined implicit differentiation
with the envelope theorem to derive an efficient formula-
tion that yields low iteration times at low memory con-
sumption on a consumer-grade GPU, enabling the opti-
mization a set of EAS that reproduce a given ECG within
minutes.

The closed-form gradient extends to optimizing conduc-
tion velocities and we expect it to further outperform the
AD variant in that setting.

5. Conclusion

In this work we derived an efficient method for eikonal-
based calibration of cardiac digital twins in less than
10min. Future studies should address optimizing conduc-
tion velocities as well as the non-uniqueness of the inverse

problem.
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